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INTRODUCTION

In a previous report (1), differential equations for
elastic, singly symmetrical, laterally unbraced, web-tapered
members subjected to unequal end moments were derived using
the energy approach suggested by Trahair and his research team
(2,3,4). The differential equations were solved by the Ray-
leigh~ritz procedure to find the critical moments. Solutions
were verified with a finite element method and by comparison
with available closed-form solutions for prismatic members.
For design purposes, modifying coefficients for prismatic beam
solutions to account for taper and moment gradient were
developed using a multiple linear regression technique. The
developed simplified procedure was found to be accurate to ha
8% for tapgred beams in single curvature, and : 12% for
double curvature.

The present report further develops the proposed design

methodology. The elastic results are extended to the inelastic

range using the CRC formula (5):

2
- 9y~ (1)

dog

Gcr Uy
where ogy = inelastic buckling stress, oy = vyield stfess, and

Op = elastic buckling stress. Ultimate load is defined by



either elastic or inelastic lateral-torsional buckling or by
first yield when residual stresses are neglected. These are
the same criteria as the allowable stress design procedures
of the AISC specification (6).

To facilitate computational efficiency a small computer
program was developed and is described. Manual solutions for
a wide range of problems are presented for verification of

the computer program.



DESIGN METHODOLOGY FOR TAPERED BEAMS

The design methodology used for web-tapered beams sub-
jected to end moments, Figure la, is based on solutions for
a prismatic beam with the same cross-section as at the small
end of the tapered beams and subjected to equal but opposite
end moments as shown in Figure 1b. This beam and loading
condition is referred to as the "basic case" prismatic beam.
For singly symmetrical cross-sections loaded in the plane of

symmetry, the elastic critical moment for the basic case is

2
m<EIl B C 2 \
G
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where I = weak axis moment of inertia, B, = a cross-sectional
P

property to be defined later, L = unbraced length of the
tapered beam, Cw = warping moment of inertia, J = torsion
constant, E = modulus of elasticity, and G = shear modulus
of elasticity. The positive root is taken when the large
flange is in compression; the negative root is taken when the
small flange is in compression.

For doubly symmetrical sections Bx is zero and equation

2a reduces to

M i \VEIY GJ + vy wom (2b)
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Figure 1. Beam Geometry and Loading
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The tapered beam basic case loading condition is defined
as equal compressive stress at the exterior flange +tips when
the beam is bent in single curvature as shown in Figure .lc.
This loading condition produces approximately uniform com-
pressive flange stress along the member. The relationship

between end moments is

MS = R ML (3)

where 1%;= moment at small end, M. = moment at large end, and

L
R = the ratio of the section moduli to the extreme fiber of
the compression flange at the large end to that at the small
end.

The critical moment for the tapered beam, basic case

loading, is estimated from

(Me)S = Ca Me (4)

where Me is determined from equations 2a or 2b, (Me) = the
critical moment at the small end of the tapered beam and Ca =
a coefficient to account for the effects of taper. The
critical moment at the large end for the basic case loading
is

(Me)L = R (Me)S = R Ca Me (5)

For the case of varying flange stress along the member,

Figure la, equations 4 and 5 are modified to

Il

C. C_M (6a)
a ‘e

(Me)S b

(Me)L = cb R ca Me. (6b)



due to unequal compressive flange stresses at the beam ends.

The multiplying factors Ca and Cb were determined using
multiple linear regression analysis of theoretically correct
values of critical moments for tapered beams (l1). The best-

fit equation for C, is

,f'v‘ 2 |
o “SIL 4 44.6328 o - (7

ECw Iy

C. =1.0 - 1.4580
a

Here

where d = beam depth.
The multiplying factor Cb depends on the relative stresses
in a flange at each end of the beam. Defining "r" as the

stress ratio such that

o
-1.0 2 r=-°2BP Z 3.9
“max

where O nax is the maximum compressive flange stress at a beam
end and Gopp is the stress in the same flange at the opposite
end of the beam. A stress ratio of +1.0 is equivalent to the
tapered beam basic case loading, e.g. single curvature, and

a ratio of -1.0 is equivalent to double curvature bending
with stresses in the reference flange equal in magnitude but
opposite in sense at opposite ends. It was not poséible to
find a single best-fit equation for C, over the entire stress

ratio range For stress ratios greater than =-0.40, Cb is



given by

ol

C. = 1.0 -0.3867 (r-1.0)+ 0.4739(r-—1.0)2+o.9074—a--(r-1)2 (8)

b

Best-fit equations for the range -0.40> r > -1.0 predicted
unacceptable unconservative results, An acceptable design
approach for this range is to compute Cb for r = -0.40 from

equation 8 and Cb for r =-1.0 from

B B
- - X - ol _ X (9a)
Cb = 2.7596~2.8152 3 0.6562 ) 15.6530 o 3
for small end reference and
C. = 2.7684+1.2025 L 5 2686 X —22.0724 o X (9b)
b ° ° d : d ° d

for large end reference and use linear interpolation between
the two values to determine Cb for the given r.

If the resulting value of Me is greater than O.SMy for
the referenced flange the CRC formula, equation 1, is to be
used to estimate the inelastic critical moment, Moy 2 check
must also be made to determine if the tension flange yields.

The equations for C, and Cb are applicable only to cross-
sections, taper ratios and unbraced lengths normally found in
rigid frames of pre-engineered metal buildings and the

following limitations must be followed:

, ‘minimum depth
1'S‘iflange width

< 3.9 6 in. < d;' <24 in,

" span length

24 2 minimum depth

3 in. < flange width<12 in.

15 < flange width <50

flange thickness — 3/16 in, < flange

thickness < 3/4 in.



In addition, to limit the unconservative error to less than 8%
for beams in single curvature and to less than 12% for beams
in double curvature, both at the 95% confidence level, in the

range - 0.4 > r > 1.0, the following limitations must be ob-

served
YL ( aL) < 1.30 Ton
I o - ° -—L< 2.5
yS d Iys —_

It is noted that the error of estimation is reduced as the
taper decreases and as the cross-section becomes more nearly
doubly symmetric.
The design procedure is summarized as follows:
(1) For a given member and end moments, calculate
the extreme fiber compressive stresses at the
beam ends. The flange location with the largest
stress is chosen as the reference end flange
(2) Calculate the basic case critical moment for a
prismatic beam with the same cross-section as
the small end of the beam in question and with the
flange corresponding to the reference flange in
compression, using either equation 2a or 2b.
(3) Calculate the modifying factor Ca with reference
to the small end section properties, using
equation 7.
(4) Calculate the stress ratio,r, as the ratid of the

beam end stresses in the reference flange. Note

that r is greater than zero for single curvature

bending and less tha%;zero for double curvature



(5)

(6)

(7)

(8)

(9)

(10)

(11)

(12)

bending.

If r is greater than -0.40, use equation 8 and
the referenced end properties to calculate Cb°
If r is less than =0.40, calculate C, for r =

b
0.40 using equation 8 and Cb for r = =1.0 using
equation 9a for small end reference and 9b for
large end reference. Use linear interpolation
between these two value to determine Cb for the stress
ratio in question.

Calculate R; the ratio of section moduli to extreme

fibers of the reference flange at the beam ends.

Calculate the tapered beam critical moments using
equation 6a for small end reference and equation
6b for large end reference.

Determine if the critical moment exceeds one-half
of the first yield moment of the referenced flange.
If this moment is exceeded, estimate the inelastic
critical moment using equation 1.

Determine the critical moment at the opposite end
using eguation 3.

Check that the yield stress of the material is not
exceeded in the tension flanges. If it is, reduce the

moment to a value which causes first yield in the

tension flange and use equation 3 to determine the
moment at the opposite end. -
Apply a factor of safety, commonly 1.67, to obtain

the working load moments.



A flow chart of the procedure is shown in Figure 1 in
terms of stresses rather than moments, A listing of a
FORTRAN IV computer program for the design procedure is found

in the appendix to this report. The sign convention for

moments in this program is clockwise moments are positive.
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Calculate stresses at flange tips.
Identify flange with maximum stress.

/
Calculate M . Use closed form prismatic

. [&] N .
solutions and small end section properties,

|Calculate Ca using small end section properties.

Maximum compressive stress developed

Large End

~E;all End

Calculate Cb using small Calculate R, the section
end section properties moduli ratio, large end

to small end, of flange
with max. comp. stress

v =Cacb Me
be 1.67 ch Calculate C, using large
end section properties
Fbc = max. comp. stress
Syc = Scction modulus to r o= Ca_Cb R Me
compressive flange bec 1.67°s .
Using CRC approximation
with Fp = 0.bFy
yes F
5 > 0 SF = F -.___Y._.
he = U 22X Fbe = Ty "aF -

.

Figure 2. Flow Chart for.Desién Procedure
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EXAMPLE CALCULATIONS

The singly symmetrical, laterally unbraced, tapered beam
shown in Figure 3 was aﬁalyzed manually to determine the
critical moments and stresses for the four loadings shown in
Figure 4. The results from the computer program are found
in the Appendix and are identical to the manual calculations.

In the calculations that follow, flange tips are referenced
as shown in Figures3 and 4. For each loading case the stresses
at the four flange extremities are first calculated, and the
reference end and reference flange determined. Next the
prismatic élastic buckling moment is found and the modifying
factors to account for taper and stress gradient determined.
The elastic buckling stress for the critical location is then
calculated and compared to the assumed proportional limit
(0.5 Fy). If the elastic buckling stress exceeds the pro-
portional limit, the inelastic buckling stress is estimated
using the CRC formula. Once the critical stress is found, the
stress in the tension flange is computed and compared to the
yield stress. If the yield stress is exceeded, the corre-
sponding moments at each end are computed. Finally, stresses

caused by the final moments are calculated.

12



PL 6 x 0.25 1  Ne
PL 10 x ;
0.25"
PL 4 x 0.95 2\\
| 4
120" L
24 - 10 .
o= 30 = 0.1167 E = 30,000 ksi
Fy = 50.0 ksi G = 11,200 ksi
Section Property Section Property
at at
Property Small End Large End
B2 6.0 in. 6.0 in.
T2 0.25 in. 0.25 in.
B3 10.0 ain. 24.0 in.
T3 0.125 in. 0.125 in.
B4 4.0 in, 4.0 in.
‘T4 0.25 in. 0.25 in.
y 4.33 in. 10.91 in.
A 3.75 in.?2 5.5 in.?2
I, 71.26 in.® 497.5 in.%
I, 5.83 in.? 5.83 in.?
c, 102.85 in.®° 592,46 in.°
J 0.0586 in.° 0.0677 in.*%
Bx 5.06 in. 12.33 in.
R 3 . 3
Sx 16.44 in. 45,6 in.
5, 12.57 in.> 38.0 in.>

Figure 3.

for Example Calculations

Beam Dimensions and Properties

13



ML=1000“—k
M_=500"-k
S 7
a) Loading Case 1 4
3
1 M_=1000"-k
ML~1 00
MS=500 -k
2
b) Loading Case 2 4
3
M =360.5"-k M;=2000"-k
2
c) Loading Case 3 4
3
l "
MS=331"—k< M_=2000"-k
2
d) Loading Case 4 4

Figure 4. Loading Cases for Example Calculations
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LOADING CASE 1

Stresses
Fl.= MS/S1 = 500/16.44 = 30.40 ksi C
F2 = MS/SZ = 500/12.57 = 39.78 ksi T
F3 = ML/SS = 1000/45.60 = 21.93 ksi C
F4 = ML/S4 = 1000/38.00 = 26.31 ksi T

Note maximum compressive stress is at 1, therefore, refer-
ence end is small end and reference flange is top flange,
hence

r = stress ratio for top flange

F3/F1 = 21.93/30.4 = 0.721

w
I

moduli ratio for top flange

= S3/Sl = 45.6/16/44 = 2,77

M
-
Basic case moment from equation 2, positive signs.
2
M_ = m (30000)(2.06){ 1 +
2(120)
V/l + 4 2(102.86 + 11200(0.0586)(120)2)\ }
(5.06) 5.83 m<4(30000) (5.83)
= 303.28 { 1+,/1+3.61}
= 954.48 in-kip
C
2

Using small end properties
(11200) (0.0586) (120) 2
(30.000) (102.86)
44.63(0.1167) (0.0586) \

5.83

Ca = 1-1.458(0.1167)V/

+

= 0.754

15



b
Since r > =0.40
Cb = 1-0.3867(0.721 -l)+0.4739(0.72l-1)2 +
0.9074 (0.1167)(120)(0.721-—1)2
10.0
= 1.24
Fbc

Since node 1 is critical

Fbc

CaCb Me/Sl = 0.754(1.24) (954.48)/16.44

54.3 ksi >Fy/2 = 25 ksi

Inelastic buckling., CRC Formula

2
= 50.0- = .
Fre 50.0 - 773y = 38-5 ksi C
Fip = Fpe 5175, = (38.5) (16.44)/12.57

= 50.4 ksi T>Fy = 50.0 ksi
Tension controls, thus

F 50.0 ksi T

bt

Fbc = F,y Sz/Sl = 50.0(12.57)/16.44 = 38.2 ksi C

Critical Final Moments

M

I
&
wn

s be 51 = 38.2(16.44) = 62.85 in-kips > 500 in-kips

ML = MS YR = 628.5(0.721) (2.77)

1255 in-kips >1000 in-kips

Beam is satisfactory for loading

16



Critical Stresses

F

F
F
F

1

2

3

4

38.2 ksi C
50.0 ksi T
1255/45.6

1255/38.0

27.5 ksi C

33.0 ksi T < F
Yy

17

50.0 ksi



LOADING CASE 2

Stresses
Fi = MS/Sl = 500/16.44 = 30.40 ksi T
F2 = MS/SZ = 500/12.57 = 39.78 ksi C
F3 = ML/S3 = 1000/45.60 = 21.93 ksi C
F4 = ML/S4 = 1000/38.00 = 26.31 ksi T
Note maximum compressive stress is at 2. Therefore, reference

end

M

o

o

is small end and reference flange is bottom flange, hence

r stress ratio for bottom flange
= F4/F2 = +26.31/-39.78 = ~0.66
R = moduli ratio for bottom flange

= S4/S2 = 38.00/12.57 = 3.02

Basic case moment from equation 2, negative signs

Me = 303.28 (1-v1+3.61)
= 347.89 in-kips
c, = 0.754, same as for loading case 1.

Since r <-0.40

C for r =-0.40

bl
1-0.3867(-0.4-1.0) +O.4739(-0.4-—l.0)2

+ 0;9074(0.1167)(120)(*0;6~I;0)2
10

+ 4.96

18



Cb2 for r = -1.0

2.7596 - 2.8152(5.06) 0.565{0.1167) (120)
10 10

15.653(0.1167)(5.06)
10

= -0.508

Using linear interpolation,
4.96 +0.0508) (1.-0.66)
C, = -0.508 +

b 0.6

= +2.59

Since node 2 is critical
Fbc = CaCb Me/s2 = 0.754(2.59) (347.89)/12.57
= 54.0 ksi >Fy/2 = 25 ksi

Inelastic buckling, CRC Formula
2

Fo = 50.0- 50.0° = 38.4 ksi C
2(54.0) ,
Foe = Fpo S,/5] = 38.4 (12.57)/16.44

= 29.36 ksi T <Fy = 50.0 ksi

Critical Moments

MS = Fbc 52 = 38.4(12.57) = 482.7 in-kips <500 in-kips

M, = MS rR = 482.7(0.66) (3.02)

= 962.1 in-kips <1000 in-kips

Beam is not satisfactory for loading.

Critical Stresses

Fl = 29.36 ksi T

F2 = 38.4 ksi C

F3 = 962.1/45.6 = 21.1 ksi C
F4 = 962.1/38.0 = 25.3 ksi T

19



LOADING CASE 3

Stresses
Fl = MS/Sl = 360.5/16.44 = 21.91 ksi C
F2 = MS/S2 = 500.0/12.57 = 28.68 ksi T
F3 = ML/S3 = 2000.0/45.6 = 43.86 ksi C
F4 = ML/S4 = 2000.0/38.0 = 52.63 ksi T

Note maximum compressive stress is at 3. Therefore refer-
ence end is large and reference flange is top flange,

hence

r = stress ratio for top flange

]

Fl/F3 = -21.82/-43.86 = +0.50

by
I

moduli ratio for top flange

It

S3/Sl = 45.6/16.44 = 2,77

M
e
Basic case moment from equation 2, positive signs
M_= 954.48 in-kips, same as for loading case 1.
Ca Ca = 0.754. Same as for loading case 1.
Ch Since r > ~0.40
Cp = 1 —0.386(0.5-—1.0)+0.4739(0.5—-1.0)2 +
0.9074(0.1167)(120)(0.5-1.0)2
24
= +1.44
Fbc

Since node 3 is critical

F

bc CaCbMeR/SB

0.754(1.44) (954.48) (2.77)/45.6

62.95 ksi >’y = 25 ksi

2
Inelastic buckling, CRC Formula
2
_ _50.0 = 40.1 ksi C
Fpe = 30-0 - 7763705)

20



F = F

bt

S
]I)C-—§é
4

Critical Moments

48,12 ksi T < Fy = 50

.1 (45.6)

= 40.1 (45.6)/38.0

ksi

_ 1828.6 in-kips

1828.6(0.5)/2.77

330 in-kips < 360.5 in-kips

is not satisfactory for loading

ML = Fbc S3 = 40
Ms = Ml r/R =
Beam
Critical Stresses
F, = 336/16.44 =
F, = 330/12.57 =
F; = 40.1 ksi C
Fp= 48.12 ksi T

20.1 ksi C

26.2 ksi T

21

< 2000 in-kips



LOADING CASE 4

Stresses
F, = M/S, =
Fy = M/, =
Fy = My/83 =
Fy = My/8, =
Note maximum
ence
hence
r =
R =

= S4/S2
M
_€

|o

o

331/16.44
331/12.57
2000/45.6

2000/38.0

compressive

38.0/12.57

F2/F4 = =26.33-52.63

20.13 ksi
26.33 ksi
43.86 ksi
52.63 ksi

stress is

stress ratio for bottom flange

= +0.50

moduli ratio for bottom flange

3.02

T
C
T
C

at 4. Therefore, refer-

end is large end and reference flange is bottom flange,

Basic case moment from equation 2, negative signs

M =
e

Since r >-0.40

C

b

347.89 in-kips, same as for loading case 2

0.754, same as for loading case 1 and 2.

1—0.3867(0.5—1.0)+0.4739(0.5—1.0)2

+ 0.9074(0.1167)(120)(0.5—1.0)2/24

+1.44

Since

be = 2%

30 ksi >

N

node 4 is critical,

Fy =25 ksi

22

MeR/S4 =-0.754(1.44) (347.84) (3.02)/38



Inelastic buckling, CRC Formula
2

_ _ 50.0° = 29.2 ksi C
Fp o = 50.0 1050)
Fop = S4/55 = 29.2 (38.0)/45.6

= 24.3 ksi T < Fy= 50 ksi

Critical Moments

]

L~ Fpe 54

MS = ML r/R = 1109.6(0.5)/3.02

= 183.7 in-kips < 331 in-kips

M 29.2 (38.0) = 1109.6 in-kips < 2000 in-kips

Beam is not satisfactory for loading

Critical Stresses

Fl’= 183.7/16.44 = 11.2 ksi T
FZ = 183.7/12.57 = 14.6 ksi C
F3 = 24.3 ksi T
F4 = 29.2 ksi C

23
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APPENDIX

COMPUTER PROGRAM AND EXAMPLE OUTPUT
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